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Abstract 

In this article we prove the existence of solutions to the coagulation equation with singular kernels. We 
use weighted L^-spaces to deal with the singularities. The Smoluchowski kernel is covered by our proof. 
The weak compactness methods are applied to suitably chosen approximating equations as a base of our 
proof. A more restrictive uniqueness result is also given. 



1 Introduction 

Certain problems in the physical sciences are governed by the coagulation equation, which describes the kinetics 
of particle growth where particles can coagulate to form larger particles via binary interaction. The coagulation 
equation was formulated by Smoluchowski (1917) and by Miiller (1928) ^Tj in a discrete and an integral 
form respectively. Examples of this process can be found e.g. in astrophysics in chemical and process 
engineering [14", and aerosol science [15]. 

Let the non-negative variables x and t represent the size of some particles and time respectively. By u{x,t) 
we denote the number density of particles with size x at time t. The rate at which particles of size x coalesce 
with particles of size y is represented by the coagulation kernel K{x, y). 

The general coagulation equation is now given by 

X oo 

du(x,t) If f 

^ 7, ^i^~y^y)'^ix~y,t)u{y,t)dy- K{x,y)u{x,t)u{y,t)dy. (1) 







dt 2 

The equation ([T]) is considered for some given initial data uo(x) > 0, i.e. we consider the initial condition 



u{x,0) = uo(x) >0 a.e. (2) 

There are many previous results related to the existence and uniqueness of solutions to the different forms of 
the coagulation equation for non-singular kernels, see e.g. f9\, [13], [To], [5]. But to our knowledge there are few 
works on Smoluchowski 's coagulation equation with singular kernels, see e.g. [4], [s]. Fournier and Laurengot j4] 
proved the existence of self similar solutions to the Smoluchowski coagulation equation with homogeneous 
kernels, while Escobedo and Mischler gave some regularity and size properties of the self similar profile. A 
key ingredient for our existence theorem is the use of specific weighted L^-spaces. In |4j, Fournier and Laurengot 
obtained their existence result in the weighted space ([0, oo[;x dx). For our result we introduce the weighted 
space ([0, oo[; x~^ -f x dx) . 

In this paper we present a proof of an existence theorem of solutions to the Smoluchowski coagulation 
equation ([T|) for the following class of singular kernels 

K{x,y)<k{l + x + y f{xy)-'', A - a G [0, 1[, a G [0, 1/2]. (3) 
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We are giving a more general result than [2] since we do not restrict ourselves to self similar solutions. Also 
in [4] they just considered the equality for the kernels 

Ki[x,y) = {x'' +y^){x~P +y-P), ae [0,1[, /3e]0,oo[, 

K2{x,y) = {x'' +y^Y, a S [0, oo[, /3 e]0, a/3 e [0, 1[, (4) 

K^{x,y)^x'^y^ + xPy^, ae]0,l[, /3g]0,1[, a + ^e [0,1[, 

which are included in our class of kernels. The Ki kernels case is covered by our result just for a G [0, 1[ and 
/3 G [0, 1/2]. For the others two kernels we have a different parameter range. For details see the end of Section 
2. The uniqueness problem is also studied and we obtain uniqueness for a more restricted class of kernels than 

Our result is obtained in a suitable weighted Banach space of function for kernels with singularities on 
the axes, covering in this way the important Smoluchowski coagulation kernel 

K{x, y) - + yi/3)(x-i/3 + y-i/3) 

for Brownian motion, see Smoluchowski [16]. This kernel is one of the few kernels used in applications that is 
derived from fundamental physics and not just by ad hoc modeling. The equi-partition of kinetic energy (EKE) 
kernel 



K{x,y) = {x''' + y'''f^l 



'1 1 

X y' 

see Hoimslow |7 and Tan et al. |19|, and the granulation kernel 



jx + y)'' 

see [s], are also covered by our analysis. These kernels were not included in the results of Fournier and 
Laurengot [s]. 



Our approach is based on the well known method by Stewart 18 for non-singular kernels. However, it turned 
out that our modification using weighted L^-spaces was not always straight forward. Stewart in his method 
defined a sequence of truncated problems. He proved the existence and uniqueness of solutions to them. Using 
weak compactness theory, he proved that this sequence of solutions converges to a certain function. Then it is 
shown that the limiting function solves the original problem. In our approach we redefine Stewart's truncated 
problem in order to eliminate the singularities of the kernels. Using the contraction mapping principle we prove 
that our truncated problems have a unique solution. We construct a singular sequence around the origin to 
deal with the singularities of the kernels and prove that this sequence and the sequence of solutions to the 
truncated problems are weakly relatively compact and equicontinuous in time by using the Dunford-Pettis and 
Arzela-Ascoli Theorem repectively. These properties of the sequence are later used to prove that the sequence 
of solutions to the truncated problem converges to a solution of our original problem. In that way we obtain the 
existence of solutions to the coagulation equation with singular kernels. The uniqueness result can be obtained 



as in Stewart 17 by taking the difference of two solutions and showing that this difference is equal to zero by 
appliying Gronwall's inequality. The proof is included for completeness. 

The paper is organized as follows. In Section 2 we present the hypotheses for our problem and some necessary 
definitions. In Section 3 we prove in Theorem |3.4| the existence and uniqueness of solutions to the truncated 
problem and we extract a weakly convergent subsequence in from a sequence of unique solutions for truncated 
equations to Q-Q. In Section 4 we show that the solution of ([T|) is actually the limit function obtained from 
the weakly convergent subsequence of solutions of the truncated problem. In Section 5 we prove the uniqueness, 
based on methods of Stewart [l7], of the solutions to ([lj-(|2| for a modification of the class (|3| of kernels. We 
obtain uniqueness for some kernels which are not covered by the existence result. 

2 Weak solutions and weighted L^-spaces 

In order to study the existence of solutions of ([T|)-(|2|, we define Y to be the following Banach space with norm 



• \\Y 



u\\y < 00} where ||m||y = {x + x ^)\u{x,t)\dx 
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That y is a Banach space is easily seen. We also write 



= J xu{x,t)dx and ^ J x^ u{x,t)dx 



and set 

Y+ = {ueY:u>0 a.e.}. 
We define a solution of problem ([l|-(|2| in the same way as Stewart 18 



Definition 2.1 Let T e]0, oo[. A solution u{x,t) of |^-(^ is a function u : [0,T[ — > such that for a.e. 
X £]0,oo[ and t G [0,r[ the following properties hold 

i) u{x, t) >0 for all t G [0, oo[, 

ii) u{x,-) is continuous on [0,T[, 

iii) for all t G [0,T[ the following integral is hounded 

K(x, y)u(y, r) dy dr < oo, 







iv) for all t G [0,T[, u satisfies the following weak formulation of |Ip 



t 



u{x, t) = u{x, 0) + 







K{x - y,y)u{x - y,T)u{y,T)dy - I K(x,y)u(x,T)u{y,T)dy 



dr. 



In the next sections we make use of the following hypotheses 
Hypotheses 2.1 

HI) K{x,y) is a continuous non-negative function on ]0, oo[x]0, oo[, 

H2) K{x,y) is a symmetric function, i.e. K{x,y) = K{y,x) for all x,y €]0,(X)[, 

H3) K{x,y) <K.{l + x + y)^{xyy for a G [0, 1/2], A - cr G [0, 1[, and a constant k > 0. 

In the rest of the paper we consider k = I for the simplicity. 

We study the uniqueness of the solution to ([iJ-Q under the following further restriction on the kernels. 

H3') K{x, y) < Ki{x-'^ + x^-'^){y-'' + y^-"^) such that cr, A - G [0, 1/2] and ki > 0. 

The restriction A — cr G [0, 1/2] in H3') limits our uniqueness result to a subset of the kernels of the class 
defined in H3), namely to the ones for which A — cr G [0, 1/2] holds. But the class of kernels defined in H3') 
is also wider than the defined in H3) for A — cr G [0, 1/2]. In this way we are also giving uniqueness result for 
kernels which are not included in the class defined in H3). 

We introduce now some easily derived inequalities that will be used throughout the paper. The proof of 
these inequalities can be found in Giri For any x,y > 

2P~^{xP + yP) < {x + y)P <xP + y'' if < p < 1, (5) 
2P-\xP + yP) > (x + y)P > xP + yP if p > 1, (6) 
2P-\xP + yP) > {x + y)P if p<0. (7) 

We show now, how the kernels Q are included in the class of kernels we are considering. Using (|5| and ([6| 
for the kernels Ki in Q we obtain 



K,{x,y) = {x^ + y^){x-^ + y"^) = (x« + y^){xP + y^){xy)-^ 

2}-^ if < /3 < 1 
1 if /3 > 1 



<2}-°'C{x + yY"^^{xyY'^ where C = 
< 2i-"C(l + X + yY+f^{xy)~^. 
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Then the kernels Ki can be estimated as follows 



K,{x, y) = (x" + v''){x''' + y-^) < k{1 + x + yf{xy)-- , 

where k = 2^~"C, a-^ (3 — \, and j3 = a. In that way we can see that the kernels Ki is considered in our study 
for a = A — (T e [0, 1[ and /3 = <t G [0, 1/2]. Working in a similar way with the kernels K2 and i^a we find that 

K^ix, y) = (x" + y")^ < 2i-"(l + x + y)"^ = k{1 + x + yf{xyr'' (8) 

for K = 2^^", A = a/3, and cr = 0, and 

^^3(2;, 2/) = a;"/ + a;''?/" < 2;"+'' + x"/ + x'^y" + y°'+^ 

= (x^+/)(x"+2/") 
< 2^~f^2^-''{\ + x + yY+'^ 

= K{l + x + y)^{xy)-r (9) 

for K = 2i-'32i-", A = a + /3, and cr = 0. From g and ([9]) we have that the kernels K2 and are included in 
our result for aP € [1/2, 3/2[ and a + /3 G [1/2, 3/2[ respectively, which means that we cover partially the result 
of |4] for a/3 G [1/2, 1[ and a + /J G [1/2, 1[. But our study includes the cases a/3 G [1, 3/2[ and a + (3 e [1/2, 1[ 
respectively which were not studied in [4 and we also do not restrict the values of a and /3. 



3 The Truncated Problem 



We prove the existence of a solution to the problem ([TJ-Q, by taking the limit of the sequence of solutions 
of the equations given by replacing the kernel K{x,y) by the 'cut-off' kernel Kn{x,y) for any given n G N, 

, \ _ j K{x, y) if X + y < n and x,y > 1/n 
J^n{x,y) = I Q otherwise. 

The resulting equations are written as 

X n—x 

du-^ix^t) 1 



dt 



Kn{x^y,y)u''{x^y,t)u''{y,t)dy- / if„(a:, iK(y, i) dy, (10) 





with the truncated initial data 



''o^^)-<i otherwise, 



where w" denotes the solution of the problem (lOl-(ll) for x G [0,n]. Next, we rewrite our truncated problem 
(10l-(ll I in an equivalent form. We prove two lemmas, which are used to show the existence and uniqueness of 
the solution to the truncated problem. 

3.1 Existence and uniqueness of solutions of the truncated problem 



We rewrite the truncated problem (10l-(lll in the equivalent form 

X 

£ [u"{x, t) exp {P{x, t, u^))] = i exp {P{x, t, u")) j K^ix - y)u"{x - y, t)u^{y, t) dy (12) 



' [0 otherwise, ^ ' 

where 

t n — x 

P{x,t,u^) = I I Kr.{x,y)u"{y,T)dydT. 
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Let us define the operator G as 



G(c)(x, t) = u^J (x) exp ( - P{x, t, c)) + - / exp ( - [P{x, t, c) - P{x, r, c)]) 



Kn (x-y, y)c{x - y,T)c{y,T) dy dr, 



(14) 



for c e C ([0, T]; (]0, riQ) . Using (12) and (14l, we can easily check that a solution w" to (lOl-(ll) satisfies 

it"(a;,i) = GK')(a;,t). (15) 

The problem dTo|-( 11 1 is equivalent to the problem (13l-(15l. Therefore, we prove the existence of solutions of 
the problem (13l-(15l. In order to do that, we use the contraction mapping principle in some interval [0,r]. 
We introduce some necessary definitions. Let us set 

i= IKIIr, M ^snp{K{x,y):x,ye [l/n,n]}, (16) 

and choose ti,t2 > such that 

exp {2nMLti) (l + n^MLti) < 2 (17) 
exp {2nMLt2)nMLt2 (l + n^MLt2 + n^) < 1. (18) 

We set 

to = mm{ti,t2,T). 

1 

For those c G C ([0, T]; (]0, ri[)) for which J x^^\c{x,t)\dx is finite for all t £ [0,io] we define the norm || • Wjj 



by 



n 

Icjlu = sup / x~^\c{x,t)\ dx. 

t6[0,to] J 



Now we set 

D^{ceC ([0, to];L\]0, n[)) : \\c\\d < 2L] . 
For c (z D we have 

P{x,t,c) < nMt\\c\\D < 2nMLt 
and for t e [0, t[ 

P{x,t,c) - P{x,T,c) < nM{t-T)\\c\\D. 
We present now some lemmas which are necessary for the proof of Theorem |3.4 
Lemma 3.1 The functional G maps the set D into itself. 



(19) 
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Proof. Choose c such that \\c\\d < 2L. For t £ [0,to], using (14), (18), (19) and Fubini's Theorem, we have 

t 

X . xN . 





\G{c){x,t)\x-^dx = 











I'Six) exp {P{x, t, c)) + ^ I exp ( - [P{x, t, c) - P{x, r, c)]) 



-^«(a; - y,v)c{x - y,T)c{y,T) dy dr 



X ^dx 



< y |u^(x)|exp(P(x,t,|c|))a:-i + iy j exp (P(a;, i, |c|)) 





t n 



Kn{x - y,y)\c{x - y,T)\\c{y,T)\x ^dydxdr 



< Ijuo Ik exp {2nMLt) + - exp {2nMLt) 



Kn{x - y,y)\c{x - y,T)\\c{y,T)\x '^dydxdr 







Changing the order of integration, then a change of variable x — y = z and then re-changing the order of 
integration while replacing z by x gives 



\G(c){x,t)\x^^dx < exp{2nMLt) 



< exp {2nMLt) 



< exp (2nMLt) 



t n n—x 

Wo\\y + ^J J J Knix,y)\c{x,T)\\c{y,T)\{x + yy^dydxdT 



t n-l/nn-x 

\<\\Y + \j j J K{x,y)\c{x,T)\\c{y,T)\{x + y)-^dydxdT 

l/n 1/n 

t n-l/nn-x 



||<||y + -n3M 



\c{x,T)\\c{y,T)\{xy) ^dydxdr 



l/n l/n 



< exp {2nMLt) \ \\u'^\\y + -n^Aft||c||^ 

< exp {2nMLt) (l + n^MLt) L < 2L (20) 

The later inequality is obtained using ( [T7| . Hence, we have ||G||£) < 2L and this completes the proof of the 
lemma. □ 

Lemma 3.2 Lef _B = max {||ci ||/), ||c2||_d} and 

H{x,T,t) = exp ( - [P{x,t,ci) - P{x,T,ci)]) - exp ( - [F(x,t, C2) - P{x,t,C2)]). 
For ci,C2 G C ([0, to]; (]0, we have for < t < t < to and < x < n 

\H{x,T,t)\ < {t - T)nM exp {{t ~ T)nBM)\\ci -callu, 



Lemma 3.2 can be proven analagously as |18| Lemma 3.2] 



Lemma 3.3 For Ci, C2 G D and Iq as above there exists a constant 7 G [0, 1[ such that 

||G(ci)-G(c2)||i3 <7l|ci-c2||c, 
i.e. the operator G is a contraction. 
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Proof. Choose ci,C2 € D. Then from 



G(ci) - G(C2) = u^{x) [exp 



-^/exp 





exp 



P{x, t, ci)) - exp {A{x, t, C2))] 

X 

- [P{x,t,ci) - P{x,T,Ci)]) j Kn{x-y,y)ci{x-y,T)ci{y,T)dydT 



X 

- [P{x,t,C2) - P{x,T,C2)]) j Kn{x-y,y)ci{x-y,T)ci{y,T)dydT 



X 

- [P{x,t,C2) - P{x,T,C2)]) J Kn{x-y,y)c2{x-y,T)c2{y,T)dydT 



X 

- [P{x,t,C2) - P{x,T,C2)]) j Kn{x - y,y)ci{x - y,T)ci{y,T)dydT 



t X 

UQ{x)H{x,Q,t) + ^ j H{x,T,t) j Kn{x~y,y)ci{x-y,T)ci{y,T) dydr 


t r ^ 

~\ / ( ~ [-P(^'*'C2) - -P(a;,r,C2)]) j Kn{x - y,y)c2{x - y,T)[c2{y,T) - ci{y,T)] 



X 

+ y Kn{x-y,y)ci{x,T) [c2{x - y,T) - ci{x - y,T)] 



dydr, 



it follows that 

||G(ci)-G(c2)|L 



= j UQ{x)H{x,{),t) + ^ j H{x,T,t) j Kn{x-y,y)ci{x-y,T)ci{y,T)dydT 
00 

t r ^ 

~\ / exp( - [-P(a:,t,C2) - P(x,T,C2)]] Kn{x-y,y)c2{x-y,T)[c2{y,T)-ci{y,: 



dy dr 



X ^dx 



+ j Kn{x-y,y)ci{x,T) [c2{x - y,T) - ci{x - y,: 


n t X 

< j \u^{x)\\H{x,0,t)\x-'^dx+^ j \H{x,T,t)\ j Kn{x-y,y)\ci{x-y,T)\\ci{y,T)\x-'^dydxdT 
00 

t r ^ 

+ ^ / 6^P(^(^'*' |c2|]) j Kn{x - y,y)\c2{x - y,T)\\c2{y,T) - ci{y,T)\ 



X 

+ j Kn{x - y,y)\ci{x,T)\\c2{x - y,T) - ci{x - y, 



x ^dydxdr. 



Changing the order of integration, then a change of variable x — y = z. then re-changing the order of integration 
while replacing z hy x and making use of Lemma |3.2| gives 

IjG(ci) - G(c2)||^-i < IKIIynMtexp (2nAm)||ci - cjHd + ^nAft exp {2nMLt)\\ci - calb 



t n n—x 



Kn{x,y)\ci{x,T)\\ci{y,T)\{x + y) ^dydr 







exp (2nMLt) 



Kn{x,y)\c2{x,T)\\ci{y,T) -C2{y,T)\{x + y) '^dydx 



,0 



n n—x 





1 



dT 



< exp {2nMLt)nMLt\\ci - C2\\d + ^ exp (2nMLt)n'*M^i^||ci|||,||ci - C2\\d 

+ i exp {2nMLt)nH'It [||c2||l,||ci -C2\\d + I|ci||d||ci - C2\\d] 

< exp (2nMLt)nMLt\\ci - callu + exp (2nMLt)n'^M^L'^f\\ci - C2\\d 
+ exp (2nMLt)n^MLt\\ci - C2\\d 

= exp (2nMLt)nMLt (l + n^Am + n^) \\ci - C2||d- 

From where we can conclude that 

||G(ci)-G(c2)||i3 <7l|ci-C2||o, 
where 7 — exp {2nM Lt^nM Lt (l + n^MLt + rt^) < 1, which completes the proof of the lemma. 



□ 



Theorem 3.4 Suppose that HI), H2), H3) hold and uq E . Then for each n ~ 2,3,4,... the problem 



t e [0,oo[ 



lO)-(ll) has a unique solution u" with u"'{x,t) > for a.e. x G [0,n] and t G [0, oo[. Moreover, for all 

(21) 



xu"'{x,t)dx~ / xu"'{x,0)dx. 
Jo 



Proof. From Lemmas |3.1[ |3.3| and the Contraction Mapping Theorem, it follows that there exists a unique 



solution u"{x,t) to (13l-(15) in [0,to]. We proceed now to check that these solutions are non-negative. If we set 

Co = Uq and q = G(c,j_i), 
for i = 1, 2, 3, . . ., we find that fixed point iteration gives 

Ci — )■ 7i" in _L"'"QO,ooQ as i — >■ 00, 



and m" is constructed by positivity preserving iterations, for G given in (14 1 



Let us check now that the mass conservation property (21 1 holds. Multiplying (10) by x and integrating 



with respect to x on [0, n] we have by changes of variables and order of integration as in ( 20 1 



n n—x 



^ f xu"{x,t)dx = ^ I I xKnix-y,y)u"{x-y,t)u"'{y,t)dydx- I / xKn{x,y)u"'{x,t)u"{y,t) dy dx 





n n—x 




n n—x 



{x + y)Kn{x,y)u'^{x,t)u'^{y,t) dydx 



xKn{x, y)u^{x, t)u"{y, t) dy dx 





n n—x 



xKn{x,y)u"'{x,t)u"'{y,t) dy dx — J J xKn{x,y)u"{x,t)u"{y,t) dy dx — 0, 
00 00 
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from where we have 



— / xu'\x,t) dx ^ 



xu"{x,t)dx = / xu!f^{x)dx 







Now we show that our solution for t G [0, to] extends to arbitrarily large times, changing variables as we did in 
(20 1 we proceed to obtain a uniform bound. 

t r n X 
1 



t)x ^ dx — 







Kn{,x - y,y)u"'{x - y,T)vJ^{y,T)x ^dydx 





n 71— X 



Kn{x,y)vJ^{x,T)u'^{y,T)x ^dydx 



n n—x 




1 

2 


n n—x 



dr + Uq{x)x ^dx 



Kn{x,y)vJ^(x,T)vJ^{y,T){x + y) ^dydx 



Kn{x,y)u"{x,T)u"'{y,T)x ^dydx 



dr + Uq{x)x dx 



Making use of the inequality ([T]) and the symmetry of K{x,y) we obtain 



u"{x,t)x dx < 



n n—x 



K„ix,y)u"ix,T)u''{y,T){x '+y ')dydx 





n n—x 



K^{x,y)u"^{x,T)u'^{y,T){x ^+y ^) dy dx 





t n n—x 



dr + Uq{x)x dx 



< 



K„{x,y)u^''{x,T)u"{y,T){x +y ) dy dx + / Uq{x)x dx 







< / u^{x)x-^dx < \\u'(!^\\y = L. 



(22) 



To complete the proof of Theorem 3.4 we can now extend the solution interval from [0,to] to [0,oo[. By 
considering the operator 

t 

Gi{c){x,t) = M"(x,io)exp (Pi(x,t,c)) + ^ J exp{ - [Pi{x,t,c) - Pi{x,t,c)]) 

to 



Kn(x - y,y)c{x - y,T)c{y,T) dy dr, 



with 

t n—x 

Pi{x,t,c) = J J K{x,y)c{x,T)c{y,T)dxdT 

to 

we can repeat the above argument to show, that there is a unique non-negative solution u" on [to,ti] where 
ti — 2to. We can extend the unique solution to [0, tj] j = 1, 2, 3, . . . , repeating this process by considering the 
operators 

t 

Gj+i{c){x,t) = ■u"(a;,ij)exp c)) + - / exp [Pj+i{x,t,c) - Pj+i{x,T,c)]) 



Kn{x - y,y)c{x - y,T)c{y,T)dydT, 
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with 



t n—x 

Aj+i{x,t,c)^ J J K{x,y)c{x,T)c{y,T)dxdT 

ti 



In that way we extend the solution to all of [0,cx)[. The argument used to get (21 1 for [0,to] shows that (21 1 



holds for t (z [0, oo[ and thus we have completed the proof of Theorem 3.4 by the arbitrariness of n 



□ 



3.2 Properties of the solutions of the truncated problem 

Lemma 3.5 Assume that (HI), (H2) and (H3) hold. We take u" to be the non-negative solution to the truncated 
problem found in Theorem\3.4\ Then the following are true 



i) We have the bound 
{1 + X + x-^'')u"{x, t) dx < 3L. 

ii) Given e > there exists an R > 1 such that for all t € [0, T] 

sup I j (1 + < e. 

iii) Given e > there exists a 5 > such that for all n = 2,5, . . . and t G [0, T\ 
(1 + x^")u^{x, t) dx < e whenever m(^) < ^■ 



Proof, i) We split the following integral into three parts 

n n n 

(i + . + .-)„"(.,t)<i.^/«»(.,0<i. + /»"(..0.. + /.-.-"(..<)... 





Working with the first integral of the right hand side of (23 1 and using that a G [0, \] 



u^{x,t)dx= / X xu^{x,t)dx+ / X xu^{x,t)dx 



< y X u'^{x,t) dx + j xu"{x,t)dx 

1 

n n 

</.-„"(..04. + /w-,..i)... 





Using the mass conservation property (21 1 and n> 1 combined with (22 1 we obtain 



j u"{x,t)dx< J X ^UQ{x)dx + J xuq{x) dx < \\uq{x)\\y — L. 





(23) 



(24) 
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Now let us consider the third integral on the right hand side of ( 23 1 

n 1 n 

u"{x,t)x-^'' dx ^ I u'^{x,t)x-^'' dx+ I u'''{x,t)x'^^ dx 



< J u^{x,t)x ^ dx + J xu^{x,t)x dx 

1 
n n 



< ||<(x)||y =i. 



Thus, by using (|21| together with (|24| and (|25) we may estimate 

\Y = 3L. 



J{l + x + a;-2'^)u"(a;, t) dx < 3\\u^{x)\\^ 





ii) Choose e > and let i? > 1 be such that R > 



Then we get using (21) 



X 



(1 + dx^ J (1 + t) dx 

R R 



1 



< / (x + x^-'')u'\x,t)dx 



R 



~hj ^'^"(^'^)^^ + ;^ / x^^''u"{x,t)dx 

R 

oo 

< — / xu'^{x,t) dx + — I xu"{x,t)dx 



< -^\\<i^)\\Y<e. 
iii) From the proof of (i) we have that 

oo oo 

J xu"{x,t)dx<L and J x^^'^u^{x,t) dx < L. 



Splitting the integral domain leads us to 

a;~'^u"(x,t) dx < L. 
By property (ii) we can choose r > 1 such that for all n and t E [0, T] 

{l + x''')u"{x,t)dx < ^. 

Let XA denote the characteristic function of a set A, i.e. 
I if X e A 



Xa{x) = 



if x^ A 



and set 



k{r) = - max (x" + y^fix" + y"). 

0<y<r 



(25) 



(26) 



(27) 
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Now, ||uo(a;)|li' < L it leads to 

uq{x) dt < 2||uo(a:;)||y = 2L. 



By the absolute continuity of the Lebesgue integral, property (i), and (32 1 there exists a (5i > such that 



XAn[o,r](a; + 2/)M"(x,i)(x + x ■"')dx< 



2k{r)LT 



for ye[Q,oo[ and t £ [0,T] 



(28) 



whenever A c]0, oo[ with ij,{A) < Si. Also there exists a, 62 > such that 



XAn[Q,r]{x){l + X < -, 



(29) 



for /i(A) < 62- Now we take 6 = imTi{di, 62) and multiply (10 1 by (1 + x '^)xAn[o.r]{x)- This we integrate from 



to i w.r.t. s and over [0, oo[ w.r.t. x. Using the non-negativity of each u" and ^i{A) < S we obtain 
XAn[o,r]ix){l + x~'')u'^{x,t) dx 

<^ I I I XAn[o,r]ix)x[o,x]n[o,r]iy)i'^ + x^'^)Kn{x-y,y)u"'{x-y,s)u"{y,s)dydxds 



000 



XAn[o,r]{x){l + X '^)uQ{x)dx. 

Changing the order of integration, then a change of variable x — y = x' and replacing x' by x gives 

'J 

XAn[o,r]ix){l + x~'')v^{x,t) dx 



f 00 00 



1 



^2] j y ^^n[o,r](a; + 2/)X[o,a;+2/]n[o,r](y) + + '']Kn{x,y)u'^{x,s)u"{y,s)dxdyds 
000 



XAn[o,r\{.x){l + X '^)uQ{x)dx. 



We use K(x,y) < k{r){xy)' 



XAn[o,r]{x){l + X ")u"'{x,t)dx 



<k{r) j J u"{y,s)y "J XAn[o,r] (2: + s) [l + (.t + y) x " dx dy ds 

00 



XAn[a,r]{x){l + X ")uQ{x)dx 



t r 00 00 

<k{r) J J u'^'{y,s)y^'^ J XAn[o,r]{x + y)u"{x, s){x^'^ + x^'^") dx dy ds + J XAn[o,r]{x){l + x^'^)uq{x) dx. 
000 



By using (32 1, (28 1 and (29) we obtain 
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XAn[o,r]{x){l + x-^)u''{x,t)dx<k{r)LT- 



2k{r)LT 2 



wherever ^i{A) < 6. 

This completes the proof of Lemma |3.5[ □ 
Let us define = x~"'u^{x,t). Due to the Lemma 3.5 above and the Dunford-Pettis Theorem, we 

can conclude that for each t S [0, T] the sequences and are weakly relatively compact in 

Li (]0,oo[). 



3.3 Equicontinuity in time 

Lemma 3.6 Assume that Hypotheses 1.1 hold. Take (tt") now to be the sequence of extended solutions to the 
truncated problems { 10)- uSV found in Theorem 3.4 and v'^{x,t) = x~'^u^{x,t). Then there exists a subsequences 
(u"''{t)^ and (i)jo/^u^'(t))^^j^ and (w"(t))^gj^ respectively such that 

u"-'' (t) ^ u{t) in L^(]0,oo[) as — > oo 
v^^'{t)^v{t) in L^(]0,cx)[) as ri/ — ^ oo 

for any t € [0,r]. This convergence is uniform for all t G [0,r] giving u,v € Cb ([0, T]; i"'^ (]0, cx)Q) = 
{?7 : [0,cx)[— > i^(]0,oo[),77 continuous andrj(t) bounded for allt > O}. 

Proof: Choose e > and e L°°(]0,oo[). Let s,t e [0,T] and assume that t > s. Choose a > 1 such that 

— II'/'IIl-(]o,oo[) <e/2. (30) 



Using Lemma 3.5 i), for each n, we have 



\u''(x,t)~u''(x,s)\dx < - / x\u''(x,t)+u''(x,s)\dx<6L/a. 

a 



(31) 



From the proof of Lemma 3.5 'z) we have that 



oo 

I- 



xu"'{x, t)dx < L and (x, t) dx < L. 



Splitting the integral domain leads us to 



x'"u'^{x,t)dx < L. 



(32) 
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By multiplying (lOl by t/i and integrating w.r.t. x from to a as well as from a to oo, w.r.t. r form s to t and 
using (30 1; (31 1 and t > s we get 

4>{x) [u"-{x, t) - s)] dx 

[x) [u^\x, t) - s)] dx 



< 



< II0IIl~(]O,oo[) 



(a;) K(a;,t) - u'^{x,s)]dx 



Kn{x - y, y)u'\x - y, T)u'^{y, r) dydx 





a n—x 



II 9^*11 L~(]0,oo[) 



+ / / Kn{x,y)u^{x,T)u''{y,T)dydx 
Kn{x,y)u"-{x,T)u''{y,T) dydx 





a a—x 



dr + e/2 





a n—x 



+ J J K^{x,y)u"(x,T)u"{y,T)dydx 





dr + e/2. 



Using the estimation of K{x, y) 

(t){x) [u'^{x, t) - u"{x, s)] dx 



< II0I|l~(]O,oo[) 



a — l/n a—x 



{l + x + yY{xy) ''vJ^{x,T)u'''{y,T)dydx 



l/n 1/n 

a n—x 



< 



+ j j {l + x + yf{xy)-^u-{x,T)u^{y,T)dydx 

l/n l/n 

(1 + x + y)^{xy)-''u'\x, T)u'\y, r) dy dx dr + e/2. 



dr + e/2 



Making use of the inequalities ([5| and ^ in the following way 
(l + x + yY < C(l + xP + yP) where C -- 



1 if < p < 1 



(33) 



(34) 
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for p — X we find 



(x) [u"-{x, t) - u"-{x, s)] dx 



<3C\\ 



1l=°(]0,oo[) 



s 
t oo oo 



3C||(/)||loo(]o,oo[) 



3C||0||l=o(]o,oo[) 



s 
i CO CO 



(1 + a;^ + y^)(a;y)"'^u"(a;,r)u"(y,T) dydxdT + e/2 
[x-^y-" + x^-'^j/-'" + /-'"a;-'")u"(a;, T)u'\y, r) da; dr + e/2 
x^'^y^'^u"-{x, T)u"'(y,T) dy dx dr 

e/2. 



s 

i oo oo 



J J J x^-''y-''u'\x,T)u'\y,T)dydxdT 

s 



From where, by using Lemma 3.5 i) and (32 1 we get 



(x) t) — s)] dx 



<21C||0|Uoo(]o,oo[)(t-s)L2 + e/2<e, 



(35) 



whenev er (t — s) < (5 for some S > sufficiently small. The argument given above similarly holds for s < t. 
Hence (35l holds for all n and |t — s| < 6. Then the sequence {u^(,t))^^^ is time equicontinuous in L^(]0,cxi[). 



Thus, lies in a relatively compact subset of a gauge space fii. The gauge space fii is (]0, oo[) equipped 

with the weak topology. For details about gauge spaces, see Ash [T| page 226]. Then, we may apply a version 
of the Arzela-Ascoli Theorem, see Ash Jlj page 228], to conclude that there exists a subsequence ^.^j^ such 
that 

m"*" (i) — > u(t) in 51 as — )■ oo, 

uniformly for t e [0,T] for some u G C ([0, T]; (]0, ooQ) . 

Now let us consider v"'{x,t) — x^°'u'^{x,t) where we have to deal with a stronger singularity at 0. 



We take e > 0, </>, s and t as they were defined before. Using Lemma 3.5 for each n, we get using a > 1 chosen 



to satisfy ( 30 ) 



|w"(x,t)-v"(x,s)|dx = / |x-'"u"(x,t)-x-'"u"(x,s)|dx 



< - / x'^'"|u"(x,<)+u"(x,s)|dx 
a ' 



<- x\u"-(x,t) +u"-{x,s)\dx <6L/a. 
a 



(36) 
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By using ( 10 1, (301, (361, for t > s and the definition of v"{x) we obtain 



(f>{x) - w"(a;,s)] dx 



< / (f>{x) t) + s)] dx + e/2 



< ll0IU~(]O,oo[) 



Kn{x - y,y)u^{x - y,T)u"'{y,T)x "dydx 





a n—x 



+ / / Kn{x,y)u'\x,T)vJ\y,T)x "dydx 



dr + e/2 



|L°°(]0,oo[) 



ii'„(x,?;)u"(a;,T)u"(y,r)(a; + " dy dx 





a n— a: 



Kn{x,y)u'^{x,T)u'^{y,T)x " dy dx 



dr + e/2. 



Taking y = in the term {x + y) " 
ix) [i;"(a;,t) -u"(x,s)] dx 



< II0I1l~(]O,oo[) 



Kn{x,y)u"-{x,T)u"-{y,T)x ""dydx 





a n—x 



II0I|l~(]O,oo[) 



+ j j K„{x,y)u''{x,T)u''{y,T)x "dydx 



a-l/n a-x 

K(x, y)u'\x, T)u"-{y, T)x^'^dydx 



dr + e/2 



l/n 1/r 



a n—x 



l/n l/n 
i oo oo 



< 



|L~(]0,oo[) 



+ / J K{x,y)u^{x,T)u^{y,T)x '^dydx 

I 1 / n 

K{x, y)u"{x, T)u"'{y, T)x^'^dy dx + e/2. 



dr + e/2 



Using the estimation of K{x, y) and the inequahty (|5| together (34) for p = A we have 
(x) [i;"(a;,i) - w"(x,s)] da; 

{1 + X + y)^{xyyu"{x, T)u"{y, ryx^^dy dx dr + e/2 

s 

i oo oo 



<^CU\\l^qo.oo[) I I I {x-^^y-'' + x^-^''y-'' + y^-^x-^''y\x,T)u"{y,T)dydxdT + e/2. 



s 
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By using Lemma |3.5[ z) and (32 1 we obtain 

27 



< yC||^|U^(]o.oo[)(i-s)L^ + e/2. 



We can use now the same argument used for m" to conclude that there exists a subsequence ('i'"'°)j,gpf such that 

v"'' (t) v{t) in il as rifc — > oo, 
uniformly for t € [0,T] for some v eC ([0, T]; (]0, ooQ) . 

Since T > is arbitrary we obtain u, u e Cb ([0, oo[; (]0, ooQ) □ 
Lemma 3.7 Forv"'{-,t) defined as before, we have 

v"{-,t) ^ v{-,t) where v{x,t) — x^'^u{x,t) for all t [0,T] in L^(]0,a]). 



Proof. By Lemma 3.6 we know that ^ v{t) in i^(]0, oo[) as n — > oo uniformly for t £ [0,T]. 

Then, we just need to prove that v{x, t) — x^'^u{x, t) 
By definition of weak convergence we have 







ip{x)[v''{x,t)-v{x,t)]dx^Q for all e (]0, a]) 
as x"" e i°°(]0,a]) 

: a 

Lp(x)[x''v'^{x,t)-x''v{x,t)]dx^ ip{x)[u''{x,t) ~ x''v{x,t)]dx for all tp e L°° {]0, a]) 





as m" ^ M we have due to the uniqueness of the weak limit of weak convergence, v{x, t) = x^'^u{x, t). □ 

4 Existence Theorem 

4.1 Convergence of the integrals 

In order to show that the limit function which we obtained above is indeed a solution to ([TJ-Q, we define the 
operators Mf , M^, ? = 1, 2 

X X 

Mnu"){x) = ^ I K^{x-y,y)u^{x-y)u^{y)dy M,{u){x) = ^ J K {x - y , y)u{x - y)u{y) dy 



n—x oo 



M2"K)(x)= J Kr,{x,y)u^{x)u^{y)dy M^{u){x) ^ j K{x,y)u{x)u{y) dy, 



where u £ (]0, cx)[) , x G [Q,oo[ and n = 1, 2, . . .. Set M" = - and M = Mi - Mj. 

Lemma 4.1 Suppose that C , u e y+ where < < Q, it" ^ u and t;" u 
(]0, cx)[) as n — !■ oo. Then for each a > 



M"{u'') ^ M{u) in L\]0,a[) as n 



oo. 



Proof: Choose a > and let e i°°(]0,cx)[). We show that Ml^vJ') M,{u) in Li(]0,a[) as n ^ oo for 
i = 1,2. 

Case i=l:For u € F'*' and x £ [0, a] we define the operator g by 



a — a: 

1 



g{v){x) ^ I (j){x y)K{x,y){xyY v{y) dy where v = x "^u. 



17 



We consider 



{x)M^{u^){x)dx^ I cj){x)l I K,,{x-y,y)u''{x-y)u''{y)dydx 



2 



a a—x 

1 



2 



x + y)Kn{x, y)u'^ {x)u'^ [y) dy dx 



a-l/n a-x 

(/)(.T + y)K{x, y)u"- {x)u"- (y) dy dx 



1 
2 

1/t! l/n 
a-l/n a-x 

(l){x + y)K{x, y)u"- {x)vJ^ {y) dy dx 



_ 1 
^ 2 

l/n 
a— l/n l/n 

-\ j j <l>{x + y)K{x,y)u'^{x)u^{y)dydx 

l/n 

a— l/n a — l/n l/n 

= y g(i;")(xK(x)dT-i y J cl>{x + y)K{x,y)u^{x)u^{y)dydx. (37) 

l/n l/n 

In a similar way we also find that 

a a 

{x)Mi{u){x) dx = j g{v){x)x~^'^ u{x) dx — j g{v){x)v{x) dx. (38) 



For a.e. x € [0, o] the function defined by 

'Pxiy) := ^X[o.a-x]{y)<P{x + y)K{x,y){xyy < ^X[OM-x]{y)(l>{x + y){'^ + x + y)^ 

where x denotes the characteristic function, is in L°°(]0,oo[). Since v" ^ V in L^(]0,oo[), it follows that 

g{v''){x) g{v){x) for a.e. xe[0,a]. (39) 



Also, by ( 32 1 we have 



a—x 

1 



l5(«")(a^)l = 2 / 'l^{x + y)Kix,y){xyrv^{y)dy 





a—x 



<\ j <j){x + y){l + x + yfv''{y)dy 



< i(l + 2a)^||(/.|Uoo([o,,])L fora.e. x€[Q,a]. (40) 
This holds analogously for g{v). Thus, both, g(w") and g{v) are in L°°([0,a]) with bound 

ll.9(^'")llL-([0,a]) + Mv)\\L^([aM) ^ + 2a)^||0|U»([o,a])(i + Q)- (41) 



It follows by (39 1 and Egoroff's Theorem |1, page 94] that 

5(u") — ^ g(w) as n — >■ cx) almost uniformly in [0, a]. (42) 

Remember that almost uniformly means that for any given 5 there exists a set E Q [0, a] such that ii{E) < 5 
and g{v"') — >■ g {v) u niformly on [0, a] \ i? as n — >■ cx). 

By Lemma 3.5 Hi), since ^ z; in (]0, ooQ there is a i5 > such that for all n 
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v"{x)dx < e/ [{l + 2a)^\\(l)\\L^^[o^a])iL + Q)] whenever fi{A) < 6. 



(43) 



Taking A — E hy the Holder inequahty we obtain using (41 1 and (43 1 

[g{v-){x)-g{v){x)]v-{x)dx 



< 



[g{vn{x)-9iv)ix)]v-{x)dx 



'[0,a]\E 

< hiv") - g{v)\\L'^([o,a]\E) 

< -5(t')l|L~([0,a]\B) 

Since e > was arbitrarily chosen 



[giv-){x)-g{v){x)]v-ix)dx 



[Qm]\E 



v"{x)dx+{\\g{v-)U^^E) + \\9{v)\\L^(E)) / v"{x)dx 



[0,a]\E 



w"(a;) dx + - < e for n > uq. 



[g{v"){x)-giv){x)]v-{x)dx 



— as n — > oo. 



(44) 



Also, since g{v) G L°°{[0,a]) is bounded independently of n by (40 1 and ^ w in L^(]0,cx)[) as n — >■ oo 



a 

J g{v){x) [v"-{x) - v{x)\dx 



— 7> as n — > oo. 



(45) 



Now, since g{v'^) £ L°°([0,a]) and f" G L^([0, oo[) and uniformly bounded in the respective norms, by the 
absolute continuity of the Lebesgue integral, we have 



g(u")(a;)i;"(a;)(ix 
In the same way we get 

l/n 

5(t;")(a;)u"(x) dx 



< ll.9(«")llL~([0.a]) 



dx 



a—l/n 



— as n — OO, 



— )■ as n — >■ oo, 



(46) 



and 



a— l/n l/n 



0(a; + y)K{x, y)u{x)u{y) dy dx 



l/n 

a— l/n 1/r. 



< 



(x + y){l + X + y)^v{x)v{y) dy dx 



l/n 



— > as n — > oo. 



(47) 
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Now. it follows from (37 1 and (38) that 



(t>ix) [Afi"(?i")(a;) - Mi{u){x)] dx 



a—l/n a—l/nl/n 

J g{v^){x)v"'{x) dx — J J (t){x + y)K{x,y)u^{x)u"{y) dy dx — J g{v){x)v{x) dx 

l/n 1/n 



g{v''){x)v''{x)dx- J g{v){x)v{x)dx~ J g{v''){x)v''{x) dx 

a-l/n 

l/n a— l/n l/n 

,K)(.K(.)d.- / jHx + y)Kix,y)u-ix)u-iy)dydx 

1/q 



< 



g{v"^){x)v"'{x) dx — J g{v){x)v{x) dx 





g{v'')ix)v"{x)dx 



a— 1 /n 



l/n 



g(w")(x)w"(x)da; 



a — l/n l/n 



(f){x + y)K{x, y)u"- {x)u"- (y) dy dx 



l/n 



By addition and subtraction of the term J g{v){x)v"{x) dx in the first term of the above inequality, it 



that 



(f>{x) [Mi"(u")(a;) - Mi{u){x)] dx 



< 



g{v){x) [w"(a;) — v(x)] dx 



[g{v-){x)-g{v){x)W^{x)dx 







g{v'"){x)v'^{x)dx 



a— 1/r. 



l/r. 



g(w")(x)i;"(a;) dx 



a— l/n l/r, 



4>{x + y)K{x, y)u^{x)u^{y) dy dx 



l/n 



Now, by (44l-(47) and taking n — >■ cx) we have 

<j){x)[M'^{u''){x)- Mi{u){x)]dx ^0 as n^oo. 

It follows, since cf) is arbitrary, that 

M'^{u''){x) ^ Mi{u){x) in L^(]0,a[) as n^oo. 



Case i=2: For every e > and C defined by (34 1 we can choose h such that 

e 



< 



Redefining the operator g for u e and a; e [0, a] by 
6 

g{v){x) = j (j){x)K{x, y){xyYv{y) dy 



For a.e. x S [0, a] the function defined by 

fx{y) ^X[o,fcl(2/)</'(2; + y)^ir(a;,y)(a;y)'' 
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where, as before, x denotes the characteristic function, is in L°°(]0, oo[). Using a similar argument as the one 
that was used in (39)-(44l it can be shown that also for the above redefined g (44l and (45) hold. By H3) and 
C as in ( 34 1 we have 

(f){x)K{x, y) [u^{x)u"'{y) — u{x)u{y)\ dy dx 



b 



<C J J {l + x^ + y^) {xy)- + u{x)u{y)] dy dx 

b 



X ''y " [u"{x)u"-{y) +u{x)u{y)]dydx 



.0 b 



a oo 

+ 11 x^-^y"" [u"(a;)w"(y) + uix)uiy)] dydx 



6 

a oo 



+ J J x-^y^-" [u"(a;)M"(y) + u{x)u{y)] dydx 

b 



We can estimate the first integral term of (51 1 as follows 



x-^y-" + uix)u{y)] dydx 



b 

oo 

< 



X " [u"' {x)u'\y) + u{x)u{y)] dx + x " [u"- {x)u'' (y) + u{x)u{y)] dx 



dy 



< / y 



X [u'\x)u'^ {y) + u{x)u{y)] dx + x [u"^ {x)u" (y) + u{x)u{y)] dx 



dy 



< 



{x ^ + x) [u"- {x)u"- (y) + u{x)u{y)] dx 



dy 



< J y [Lu"(y) + Qu{y)] dy < h'^^+'^^L^ + Q^). 

b 

In the similar way we have 

a oo 

j J x^-'^y-" K(a:)u"(2/) + u{x)u{y)] dydx < b-'^^+^^L^ + Q^), 

b 

and 

a oo 

x-^y^-" [it"(a:)u"(y) + u{x)u{y)] dydx < b^-^-^L^ + Q^). 



b 



By (52l-(54l and (50 1, (51) becomes 



(j){x)K{x, y) [u^{x)u^{y) — u{x)u{y)] dy dx 



b 



(51) 



(52) 



(53) 



(54) 



< C|10|Uo.([o,a]) [(26-(i+'^) + b^-^-^){L' + Q2)' 



< 



(55) 



Now, using Lemma 3.5 'i) and (32) together with the absolute continuity of the Lebesgue integral, we have 

a l/ri 



(f>{x)K{x, y)u^\x)u"{y) dydx 







< - for n larger than some ng , 
3 



(56) 
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and 



l/rn 



(t){x)K{x, y)u'^ {x)u^ (y) dydx 



l/r. 



< - for n> nn. 
- 3 - 



(57) 



Also, proceeding as before, for n > a we have 



(j>{x)K{x, y)u"- {x)u^ {y) dy dx 



< CUh^aoM) [(2(« - «)"*'+"^ + (" - a)'-'^-'){L' + Q2)1 (58) 



From (|55|-(|58l together with the analogues of (44 1 and (45 1, for n > a 

0(x) [M^{u''){x) - M2{u){x)] dx 

<j){x)K{x, y)u"' {x)vJ^ {y) dydx - 



a n—x 





a 1/n 1/nn-x 

(l){x)K{x,y)u"-{x)u"{y) dydx - 




a b 



1/n 





a 1/ri 



4>{x)K{x, y) [u"(a;)u"(?/) — u{x)u{y)] dy dx 

l/ra n-x 







< 



(t){x)K{x, y)u^ (x)u'^ [y) dydx - 
(j){x)K{x, y)u"' {x)u" (y) dydx 
[g{v^)ix)-giv){x)]v"{x)dx 

+ C||0|ltoo([o,a]) 



4>{x)K{x, y)u{x)u{y) dy dx 
(l){x)K{x,y)u"'{x)u"'(y) dy dx 

4>(x)K{x,y) [vT" {x)u"' {y) — u{x)u{y)] dy dx 
(l){x)K{x,y)u"-{x)u"'{y) dy dx 



b 



l/r: 



'((n - a)-(i+-) + {n- a)^-'^-^) {L^ + 
Therefore, since (p and e are arbitrary, we conclude that 

M^{u''){x) ^ M2{u){x) in Li(]0,a[) as n ^ oo. 
Lemma |4.1| follows from ( 49 ) and ( 59 1 . 

4.2 The existence result 



{v){x)[v'^{x) - v{x)]dx +e 

< e as no — ?> oo. 



(59) 

□ 



Theorem 4.2 Suppose that Hypotheses 2.1 hold and assume that uq G . Then |7|) has a solution u G 

CB([o,oo[,y+). 

Proof. Choose T, m > 0, and let (u" )^^^^ be the weakly convergent subsequence of approximating solutions 



obtained above, in the proof of Lemma 
we obtain due to weak convergence 



3.6 



From Lemma 



3.6 



we have u e C'b ([0, oo[, (]0, ooQ) . For t e [0,r] 



m m m m 

/xu{x,t)dx^ lim / xu"{x,t)dx and / x~^u{x,t)dx— lim / x^^u"'{x,t) 
n^ooj J n^oo J 

l/m 1/m 



dx. 



Using the mass conservation property (21 1 and (22 1, this gives the uniform estimate 

m m 

Jxuix,t)dx+ J x-^uix,t)dx<2L foranyneN. 

l/m 
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Then taking m — oo the uniqueness of weak limits implies that u £ with \\u\\y < 2L. Let (j) E L°°(\0, a[). 
From Lemma 3.6 we have for each s e [0, t] 



^{t)^u{t) in L^{]0,a[) as n^oo. 



For Lemma 3.6 and Lemma 4.1 for each s e [0, t] we have for Af" = A/" — A/2' and Af = Mi — M2 
(x)[M"(u"(s))(a;)-Af(u(s))(x)]da;^0 as n^oo. 



(60) 



(61) 



Also, for s e [0,t], using Lemma pr5[ i), (32 1, \\u\\y < 2L, and C as in (34) we find that 
|(/)(a;)| |A/"(u"(s))(.t) - A/(u(s))(x)| 

a a; 

< ll</'llL-(lo,a[) o / I K{x - y,y)[u^{x - y,s)u'^{y,s) + u{x - y,s)u{y,s)\dydx 



2 J J 

Loo 



a n—x 



~^ J J K{x,y)u"'{x, s)u^{y, s) dy dx + J J K{x,y)u{x, s)u{y, s) dy dx 
00 00 



< 



L=°(]0,a[) 



-(l + 2a)^ + 19C 



L2. 



(62) 



Since the left-hand side of (62l is in L^(]0,t[) we have by (6II, (62l and the dominated convergence theorem 



(l){x) [M"(u"(s))(a;) - M{u{s)){x)] dx ds 







— > as n — >■ 00. 



(63) 



Since (p was chosen arbitrarily the limit (63 1 holds for all (p G L°°(jO, aQ. By Fubini's Theorem we get 

t 

M'^{u''{s)){x)ds ^ J M{u{s)){x)ds in L^{]0,a[) as n^oo. (64) 

From the definition of Af" for t e [0,T] 
t 

u''(t)= j Af"(M"(s))ds + w"(0). 




Thus it follows by ( 64 1 , ( 60 1 and the uniqueness of weak limits that 
t 

uix,t)=jMiuis))ix)ds + uix,0) fora.e. ..[0,a]. 


It follows from the fact that T and a are arbitrary that u is a solution to ^ on [0, oo[^. And this completes 
the proof of Theorem |4.2[ □ 



5 Uniqueness of Solutions 

Theorem 5.1 If HI ), H2) and H3') hold then the problem ^ -(^ has a unique solution u e Cb ([0, oo[, . 

Proof: Let us consider ui and U2 to be solutions to ([lJ-([2]) on [0, T] for T > arbitrarily choosen, with 
ui{x, 0) — U2{x, 0) and set U — ui — U2. We define for n = 1, 2, 3, . . . 

n 

™"(,) = /(.-+.-,|a(.,<,|... 
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Now. for (5 G M. wc define sgn((5) as follows 

1 6>0 
sgn(5) = { 6 = 
-1 6 <0 



Note that if C(-) is an absolutely continuous function of t, then so is 1 1-^ ICIOI; ^^^^ 

||C(i)|=sgn(C(t))|cW a.e. (65) 

Also note that by Definition |2. 1| iv) , u{x,-) is absolutely continuous on [0,r] for a.e. x e [0, oo[ and therefore 
u{x,t) satisfise ^ for a.e. t G [0,T], see [l2| page 354]. Then, taking the difference of the derivative of the 
solutions ui and U2 in ([T]) we have 



dU{x,t) _ 1 
dt ~ 2 



K{x - y,y) [ui{x - y,t)ui{y,t) - U2ix - y,t)u2{y,t)] dy 



K{x,y) [ui{x,t)ui{y,t) - U2ix,t)u2{y,t)]dy. 



Applying ( 65 1 we find that 



d\U{x,t)\ 
dt 



sgn{U{x,t)) 



K{x - y,y) [ui{x - y,t)ui{y,t) - U2{x - y,t)u2{y,t)] dy 



K{x,y) [ui{x,t)ui{y,t) - U2ix,t)u2{y,t)] dy 



Multiplying by + x^ and integrating from to t and from to n w.r.t. r and x respectively, and 

applying Fubini's Theorem, for each n and < i < T we obtain 



m"(t)= / / {x-^ + x^-") sgn{U{x, r)) 





oo 



i / K{x - y,y)[ui{x - y,T)ui{y,T) - U2{x - y,T)u2(y,T)]dy 



K{x,y) [uiix,T)ui{y,T) - U2{x,T)u2iy,T)] dy 



dx dr. 



(66) 



Using the substitution y ~ x = x' in the first of the inner integrals w.r.t. x and y on the right hand side of (66 1 
we find that it becomes 



1 



(x '^ + x '^)sgn{U{x,T))- K{x - y,y)[ui{x - y,T)ui{y,T) - U2{x - y,T)u2{y,T)]dydx 



[{x + y) " + (.T + y)^ "^j sgn(J7(.T + y,r))A'(a::,y) [ui(x, r)ui(2/, t) - U2(x,T)u2{y-,T)\dy dx. 







Inserting this into ( 66 1 gives 



t n n~x 







[{x + y)-- + {x + y)^-'^] sgn {U{x + y, r)) - (x'^ + x^-^) sgn {U{x, r)) 



■K{x,y) [ui{x,T)ui{y,T) - U2{x,T)u2{y,T)] dydxdr 



(x ''+X s.g\i {U {x, t)) K{x,y)[ui{x,T)ui{y,T) - U2(x,T)u2{y,T)]dydxdT. (67) 



n-x 
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We note now, using the symmetry of K, by interchanging the order of integration and interchanging the roles 
of X and y yields the identity 

n n—x 

{x^" + x^^'') sgn {U (x, t)) K{x,y) [ui{x,T)ui{y,T) - U2{x,T)u2{y,T)] dydx 



n n—x 

iv^" + y^^") sgn {U {y, t)) K{x, y) [ui{x, T)ui{y, t) - U2{x, T)u2{y, r)] dy dx. (68) 



For x, ?/ > and t e [0, T] we define the function w by 

w{x, y, t) = [{x + y)-- + {x + yf-''] sgn {U {x + y,t)) 

-(x-^ + x^-n sgn{Uix, t)) - {y-- + y^-'^) sgn(C/(y, t)). 



Using (68 1 and this definition, we can rewrite (67 1 as 



t n n—x 

1 



"i"W = 2 ' ' ' '^i^^yy'^)Ki^^y)['^ii^^'^)Uiy,T) + U2iy,T)U{x,T)]dydxdT 





t n oo 

-a I ^A — (T 



{x-" +x^-'')sgn{U{x,T))K{x,y) [ui{x,T)U{y,T) + U2{y,T)U{x,T)]dy dx dr. (69) 



n-x 



Since the second term in the second integral of (69) is positive, we can delete it and get the following estimate 

t n n—x 

m"{t)<- / / / w{x,y,T)K{x,y)ui{x,T)U{y,T)dydxdT 



2 





t n n—x 

1 

2 



w{x, y, t)K{x, y)u2{y, t)U{x, t) dy dx dr 


t n oc 

(x^"' + x^^'^) sgn{U{x, t))K{x, y)ui{x, T)U{y, t) dydx dr 

n-x 

t 



= J [hi (r) + I32 (r) + /33 (r)] dr. (70) 


Taking into account that for all g G M \q\ — gsgn(g) holds, we can estimate 

w{x,y,t)U{y,t) < [[(x + y)-- + (x + y)^-] +(a;--+x^--)-(y-- + y^--)] \U{y,t)\. 
Using the inequalities (|5| and ^ we find that 

w{x,y,t)U{y,t) < [[2-^-\x-- + y-^) + ix^-^ + y^-'^)]+{x-^ + x^-^)^iy-- + y^-n] \Uiy,t)\ 

< [[ix-'^+y-n + {x'-'' + y^-n] + {^-''+^'-n-iy-''+y'-n] \uiy,t)\ 

<2{x-'^ + x^-n\U{y,t)\. (71) 



Now, we use (71 1 to work on each term of the right hand side of (70 1 



t t n n—x 



jhi{T)dT<jj j [x-"" + x^-^)K(x,y)u^{x,T)\U{y,T)\dydxdT. (72) 
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Using the estimate H3') of K{x^ y) and ([6| we get 

t t n n—x 

J hiir) dT < J J J {x-^ +x^-'')ix-^ + x^-^){y-'' + y^-^)ui{x,T)\U{y,T)\dydxdT 




t n n—x 



{x-^ + x^-'^)^iii(x,r)(y-" + y^-^) |C/(y,r)| dy dx dr 





t n n—x 



Due to A — (T, (T G [0, 1/2] and the definition of m'^{t) from the inequahty above it follows that 



t t 
hi{T)dT < 2ni j m"{T) 





(x-2-+a;2(^-"))ui(a;,T)dx+ f (^x~^^ + x^^^-"^^ uiix,T)d: 



dr 



< 2ki / to" (t) 



(a; + 1)1*1(2;, r) da; + {1 + x)ui{x,t) dx 



dr 



< 2ki J to"(t) 





2^2: ^ui{x,t) dx + 2 j xui(x,t) dx 
. 



dr 



< Ai / m"{T)dT, where Ai — Aki sup ||iii(s)||i'. 

se[o,t] 



(73) 



In the same way, there is a constant A2 such that 
t t 
J h2ir)dT<A2 J m^{T)dT. 


To consider 133 we first see that 



{x^" + x^-") sgn{Uix, t))K{x, y)ui {x, t)U{y, t) dy dx 



<2k, f I (a;-2- + a;2(A-.)^ {y-+y^-'')u^{x,t)\U{y,t)\dydx<^. 



(74) 



Thus, the dominated convergence theorem leads to 



z 

j hsiT) dr — as n — > 00. 



(75) 
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Therefore, due to (70 1, (73 1, (74 1, (75) and taking A = Ai + A2 we obtain 



00 

A- 



(i) := {x-" +x^-'')\U{x,t)\dx = lim TO"(t) 







t 



< lim / [/3i(r) + /32(t) + /33(t)] dr 

n— f 00 / 


t t 

< lim A / m"{T)dT+ lim / I 33 (t) dr 

n—^oo J n— foo / 


t 00 

= Ay Jix-"^ +x^-'')\U{x,t)\dxdT. 




From where we have the inequality 



t 

TO(t) < A / to(t) dr. (76) 







Applying Gronwall's inequality, see e.g. |20} page 361] to (76 1, we obtain 



m{t) = J {x-" +x^-")\U{x,t)\dx = forall t e [Q,T] 


Thus, 



ui{x,t) = U2{x,t) for a.e. xe]0,(X)[. 



□ 
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